We establish the supersymmetry formalism for time-dependent Schrödinger equations with effective mass and show that the corresponding supersymmetric transformations are equivalent to effective mass Darboux transformations.
Introduction
The supersymmetric factorization method (also called supersymmetry formalism or supersymmetry method) is one of the major tools for finding and classifying integrable cases of the Schrödinger equation. The supersymmetry formalism was originally designed for the stationary, one-dimensional Schrödinger equation [9] , and ever since, it has generated a large number of integrable special cases of the Schrödinger equation [16] . Current research involving the superymmetry method for the stationary Schrödinger equation focuses mainly on the interplay of periodic potentials, shape invariant potentials and position-dependent (effective) masses, see [2, 5, 6] and especially the recent paper [7] . While the previously mentioned results all concern the stationary Schrödinger equation, the supersymmetry formalism has been extended * E-mail: xbat@ucol.mx to the fully time-dependent case [4] . Furthermore, it turned out that this supersymmetry formalism for the time-dependent Schrödinger equation (TDSE) is essentially equivalent to the well known Darboux transformation [3, 11] , which had already been used to generate large classes of integrable Schrödinger equations, see e.g. [12] .
The purpose of this note is to transfer the latter results to TDSEs with effective mass, which is a fundamental equation for modeling transport phenomena in semiconductors [10] . It is well known that the stationary Schrödinger equation with effective mass admits the supersymmetry formalism, but this has not yet been shown for the timedependent case. It is also unknown whether this supersymmetry formalism and the recently introduced effective mass Darboux transformation [13] [14] [15] are equivalent, as they are for constant mass. The remainder of this note is organized as follows: in Section 2 we review the effective mass TDSE and its Darboux transformation, while Section 3 is devoted to the derivation of the supersymmetry formalism and its equivalence with the effective mass Darboux transformation.
Preliminaries
In this section we collect basic facts about effective mass Hamiltonians, their associated TDSEs and the effective mass Darboux transformation. Additional details and proofs can be found in [15] and the references therein.
Hamiltonian and TDSE for effective mass.
The Hamiltonian for a particle with time-and positiondependent mass = ( ) and potential V = V ( ) reads as [17] 
After substitution of the quantum momentum operator = ∂ into the TDSE ( ∂ − H)ψ = 0 we obtain the equation
This is the effective mass TDSE.
Intertwining relation and Darboux transformation.
For = 0 1 let the operators H be effective mass Hamiltonians
where = ( ) denotes the effective mass and V = V ( ) stands for the potential. A linear differential operator of order one, satisfying the following intertwining relation,
is called a first-order Daboux transformation operator. Its explicit form reads [15] =
where L = L( ) is arbitrary and the auxiliary function = ( ) solves the effective mass TDSE
Suppose that is a Darboux transformation operator. Then the function
called the Darboux transformation of ψ, solves the TDSE
where the potential V 1 reads
Hence, the Darboux transformation operator connects the effective mass Hamiltonians H 0 and H 1 , resp. the corresponding TDSEs (4) and (6).
Compatibility with the constant mass case.
It is readily seen that for constant mass , implying = = 0, the Darboux transformation operator (3) and the transformed potential (8) take their well known forms
which have been constructed e.g. in [1] .
Supersymmetry formalism and Darboux transformation
For = 0 1 consider again the effective mass Hamiltonians (1). Furthermore, let ψ and φ be solutions ofo the effective mass TDSEs associated with the Hamiltonians H 0 and H 1 , respectively. We can write both TDSEs as one single matrix TDSE in the form
On defining H = diag(H 0 H 1 ) and Ψ = (ψ φ) T , the above matrix TDSE (8) can be written as
Similar to the case of constant mass [3] we now define two supercharge operators Q, Q † as follows:
where D and D † are given by
Here 
The first line of the latter set is trivially fulfilled, because the matrices in (9) are nilpotent. As for the second line in (12) , the anticommutator conditions imply that the Hamiltonians H 0 and H 1 in the matrix Hamiltonian H must factorize as follows:
On employing the explicit forms (10) and (11) , respectively, we find the following explicit form of the Hamiltonians (13) and (14): 
It remains to solve the two conditions in the third line of (12) . To this end, let us note that both of these commutator conditions are the same and take the following explicit form:
This equation is of the form (2) , that is, it represents an intertwining relation between the Hamiltonians H 0 and H 1 . Furthermore, D is a linear differential operators of order one, see (10) . Consequently, the commutator constraints in the third line of (12) 
Note that we have set the constant L in (3) to unity, as it does not affect subsequent considerations. Equation (21) now determines the superpotential W as
Now, if we take W as above, the operator D (20) takes the following form:
Obviously, by construction D is a Darboux transformation operator that satisfies the conditions in the third line of (12) . Thus, since we have solved all the conditions in (12), we have established the supersymmetry formalism for effective mass TDSEs. It remains to show that the potential difference generated by the supersymmetry is the same as the potential difference generated by the Darboux transformation. To this end, we consider the potentials V 0 and V 1 , as given in (17)- (18), and calculate their difference:
After insertion of the explicit superpotential W as given in (22) we obtain
The identity − 1 log( ) = − + 2 2 now shows equivalence of the potential differences (8) with L = 1 and (24). Hence, the supersymmetry formalism is equivalent to the effective mass Darboux transformation.
Concluding remarks
We have constructed the supersymmetry formalism for effective mass TDSEs, and have demonstrated the equivalence with the effective mass Darboux transformation. We omitted to state concrete applications of our supersymmetry formalism here, because such applications can already be found in the context of the effective mass Darboux transformation [13, 15] . Applications of the effective mass supersymmetry formalism to physically interesting cases, e.g. time-depedent periodic potentials, are under consideration.
